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Abstract 

We prove that bounded harmonic functions of anisotropic fractional Laplacians are Holder continuous under 
mild regularity assumptions on the corresponding Levy measure. Under some stronger assumptions the 
Green function, Poisson kernel and the harmonic functions are even differentiable of order up to three. 



1 Introduction 

Let d > 2 be a natural number and let a G (0, 2). We investigate a convolution 
semigroup of nondegenerate symmetric a-stable probability measures \Pt , t > 
0} on M°' with the corresponding Levy measure u (for definitions see Section [2]). 
Each Pt has a smooth density pt. We consider the potential measure V = 
Jq°° Pt dt and the potential kernel 

POO 

V{x) = / pt{x)dt, X eR'^. 
Jo 

We recall that V{x) = \x\"'^'^V{x/\x\), but the function may be infinite in 
some directions ([121 PP- 148-149]). It is known that if i/ is a 7-measure on S 



Institute of Mathematics and Computer Science, Wroclaw University of Technology, 
Wybrzeze Wyspiahskiego 27, 50-370 Wroclaw, Poland 
e-mail: sztonyk@pwr.wroc.pl 

"2000 MS Classification: Primary 47D03, 31C05; Secondary 60J35, 60G51. 
Key words and phrases: potential kernel, Green function, harmonic function, Holder conti- 
nuity, stable process. 

Research supported by KBN 1 P03A 026 29 and The Alexander von Humboldt Foundation 



1 



(see dl])) with 7 > (i — 2a, then V is continuous hence bounded on S (see 
Theorem 1]). Conversely, if V is bounded on S then u is a {d — 2a) - measure 
on § ([13], Theorem 2]). 

In the present paper we study Holder continuity and differentiability of V. 
In what follows we assume that z/ is a 7-measure on S, see (jlj). We denote 

1^0 = 7 — {d — 2a). 

We note that j < d, therefore < 2a < 4. The following theorem is our 
main result on the regularity of the potential kernel (for the definition of the 
relevant function spaces see below). 

Theorem 1 Assume that kq > 0. // ^ N then the potential kernel 
V{x) belongs to the local Holder space C^°cO^'^ \ {0})- // /to e N then V{x) G 
C;^°^(R°' \ {0}). For every multiindex (3 such that < < there exists a 
constant c = c{f3) such that 

(!) |D^1/(x)| < c|x|°-'^-l'^l , |x|>0. 



We define operator A on smooth functions (f with compact support in 
^ G C^{R'^), by letting 

Aip{x) = {<^{x + y) - ^{x) - y -Vipix) liy\<i) u{dy) 



lim / {(p{x + y) - ip{x)) u{dy) 



+0^ 
\y\>e 

A is called anisotropic fractional Laplacian and it is a restriction of the in- 
finitesimal generator of {Pt} [211 Example 4.1.12]. In the special case of 
z/((iy) = c\y\~'^~°'dy we obtain the fractional Laplacian A"/^. For properties 
of A"/^ and a discussion of equivalent definitions of its harmonic functions we 
refer the reader to [5, 9J. 

Harmonic functions corresponding to A, or z/, are defined by the mean 
value property with respect to an appropriate family of harmonic measures, 
see Section [21 We denote 

/?! = 7 — (d — a), 
and we observe that ki = — a and ni < a < 2. 
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Theorem 2 // Ki > then there exists a constant p G (0, Ki] such that 
every function u bounded on Mf^ and harmonic in B{0, 1) belongs to the local 
Holder space Cig^{B{0, 1)) and 

(2) \\u\\cp{Bio,i-r)) < cr"^||M||oo, r e (0,1/2]. 

If Ki < a < 1 then we can take p = Hi and if Hi > 1 then p G (1, 

In particular every bounded function harmonic in 5(0, 1) is Holder contin- 
uous if Ki G (0, 1] and even differentiable if ki > 1. We note that for a > 1 an 
explicit value of p can be obtained from Lemma [TT] and (H6l) . 

Here are a few comments about the general context of our study. A primary 
source of motivation for this study is the potential theory of the second order 
elliptic partial differential operators. Holder continuity of harmonic functions 
of the second order elliptic partial differential operators in divergence form was 
proved independently in [18] and [35]. J. Moser in [31] gave another method 
of the proof using Harnack's inequality and an iteration technique that has 
been later used successfully in many other situations. In these papers the 
local character of the operators is crucial. Perturbations of strongly elliptic 
operators by 'smaller' nonlocal operators can also be dealt with as shown in 
[321 [211 [27]. 

Harnack's inequality and Holder continuity for bounded harmonic func- 
tions of purely nonlocal integro-differential operators with kernels i>{x, dy) 
were obtained in [2]. We note that the results of [2] were restricted to ab- 
solutely continuous i'{x,dy) with densities comparable to \y — x\~'^~°'. The 
class of considered operators then gradually extended, see ^0] and [39]. In 
[Ij the Holder continuity is proved without the assumption that the density 
exists. Instead, the measures i/(x, ■) considered in [T] satisfy some regular- 
ity conditions and estimates from below. Similar, slightly weaker assump- 
tions yield in [22j logarithmic modulus of continuity for harmonic functions: 
\u{y) - u{x)\ < c||m||oo| log \y - x\\~p. 

In our study, initiated in [10] (see also [HI [121 [13]), we restrict ourselves 
to the translation invariant case i>{x, A) = z/(0, A — x) = v{A — x) but we 
do not generally rely on the existence of the density of the Levy measure z/, 
and we do not assume estimates for v from below. We thus allow for much 
more anisotropy than [2l HQl |39l [H [22] . It should be made clear that while our 
study is analogous to the study of symmetric second order eUiptic differential 
operators with mere constant coefficients the variety of different behaviours 
of the resulting fractional Laplacians makes the subject very complex and 
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interesting. We believe that the study paves a way to further generahzations 
in spirit of [2j and may also contribute to the general potential theory. 

The main focus of the present paper are estimates of the potential kernel 
V{x) (Theorem [1]). This is a prominent harmonic function of ^ on M'^ \ 
{0}, see [12], and results for more general harmonic functions (Theorem [2]) 
may be considered as consequences of such estimates. For sufficiently regular 
u and a > 1/2 we obtain the differentiability of harmonic functions which 
is a new result even for absolutely continuous measures. Our methods are 
mainly analytic although we use a probabilistic framework to define some of 
the objects in question. We do not use Moser's method here because the 
Harnack's inequality may not hold even if u has a bounded density (see [12] )• 
We base our development on certain estimates of the derivatives of transition 
densities (Lemma [3]), extending some of the results of [291 [131 SH EHl 120] . 

Apart from Theorem [1] and [2] we obtain here several results concerning 
regularity of transition densities, Green function and Poisson kernel for the 
ball (see Lemma [3|, Proposition [H Lemma [9l [10] and [TT]) . These objects were 
investigated in detail in the isotropic case ^'{dy) = c\y\~'^~°'dy. The results 
obtained include estimates of the Green function and Poisson kernel (see [25] 
[26] [3T] [30] [6]), estimates of the derivatives of transition density and resolvent 
(see [7] [29]) and gradient estimates of harmonic functions (see [8]). The main 
difficulty of the present study in comparison to the isotropic case is the lack of 
explicit formulas, e.g. for the Poisson kernel or the Green function for a ball. 

The paper is organized as follows. Definitions and preliminaries are given 
in Section [2] In Section [3] we estimate the derivatives of the transition densities 
extending the estimates of the semigroup and potential kernel given in [T3] . 
At the end of Section [3] we prove Theorem [T] The continuity estimates of 
the Green function and its derivative are proved in Section H] In Section [S] 
we investigate the regularity of the Poisson kernel. Theorem [2] is proved in 
Section [6] 

2 Preliminaries 

The general references for this section are [H] [T51 [ISl [3S1 [3] [1]. Recall that 
d> 2 and a G (0, 2). We explicitly exclude c? = 1 as it leads to the well- know 
rotation invariant case (for which see, e.g., [5!,'9]). 



For X G M'' and r > we let |x| = \/j2i=i^l B{x,r) = {y E M.'^ : 
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I?/ — x| < r}. We denote S = {x G M'^ : \x\ = 1}. All the sets, functions and 
measures considered in the sequel will be Borel. For a measure A on W^, |A| 
denotes its total mass. We call A degenerate if there is a proper linear subspace 
M of M'^ such that supp(A) C M; otherwise we call A nondegenerate. 

In what follows we will consider measures n concentrated on S. We will 
assume that /i is positive, finite, nondegenerate (in particular yU 7^ 0), and 
symmetric: 

fi{D) = i2{-D) , DcS. 
We will call fi the spectral measure. We let 



(3) 1^(0)= / / lDirOr~'~"drfi{dO, DcR\ 

Js Jo 

where Id is the indicator function of D. Note that u is symmetric. It is a 
Levy measure on W^, i.e. 

min(|?/|^, 1) u{dy) < 00 . 

For r > and a function ip on we consider its dilation (pr{y) = (p{y/r), 
and we note that i^l^Pr) = r~°'v{ip). In particular v is homogeneous: v{rB) = 
r-^'uiB) for B C R"^. 

We consider, after [13], an auxiliary scale of smoothness for u. 



Definition 1 We say that u is a 'y-measure on S if there exists a constant 
c such that 

(4) i^{B{x,r)) < cr^ , |a;| = 1 , < r < 1/2 . 

Since v{drd9) = r'^'^drfildO), it is at least a 1-measure and at most a d- 
measure on S. If z/ is a 7-measure with 7 > 1, then fi has no atoms. Finally, 
u is a. (i-measure if and only if it is absolutely continuous with respect to the 
Lebesgue measure and its density function is locally bounded on R"' \ {0}. 

We consider the semigroup of stable probability measures {Pt,t > 0} with 
the Fourier transform T{Pt){u) = exp(— t$('u)), where 

= - / (e'«" - 1 - m . ylBioMv)) v(dv) 
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Here u ■ ^ denotes the usual inner product of m, ^ G M'^. Since fi is finite, 
liomogeneous and nondegenerate, 

(5) <!>{u) = \u\"^{u/\u\) ^ \u\" . 

We also let u = 1b(o,i)cI^, and u = 1b{o,i)1^ and consider the corresponding 
semigroups of measures {Pt, t > 0} and {Pj, t > 0} such that 



^(Pt)(n) = J e^^yPtidy) = exp J (cos(m ■ y) - iMdy) j , ueR\ 

(6) ^iPt)iu) = exp (^t J (cos(m • y) - l)u{dy)^ , ueR'^. 
We then have that 

Pt = Pt*Pt, t>0. 

The measures Pt and Pt have rapidly decreasing Fourier transform hence they 
are absolutely continuous with smooth bounded densities denoted Pt{x) and 
Pt{x), respectively. Of course, 

(7) pt = Pt*Pt, t>0. 

By using we obtain the scaling property of {pt}'- 

(8) pt{x) = k%ct{kx) , xeR'^, k>0, 
or 

In particular, 

(9) ptix) < ct-''/'' . 
If z/ is a 7 - measure on § then we have 

(10) < c(i + 

see [13] or [H]. We define the potential measure of the semigroup {Pt}'- 



POO 

/ Pi(D)dt, DC 
Jo 
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Since a < d, hj Y is finite on bounded subsets of M"^. Let 



oo 



(11) V{x) = I ptix)dt, X e 

so that 







V(D) = f V{x)dx, DcR'^. 
Jd 

We call V{x) the potential kernel of the stable semigroup. By ([8]) 

(12) V{x) = \x\°-'^V{x/\x\) , x^O. 

If is a 7 - measure on S and 7 > c? — 2a then V{x) is continuous on S 
Theorem 1]). 

The Levy measure u determines the symmetric stable Levy process {Xf, P^) 
with generating triplet (0,z/, 0). The transition probabilities of the process 
(Xt, P^) are P(t, x, A) = Pt{A - x), t > 0, x G M"^, A C M'^, and P(0, x, A) = 
l^(x). The trajectories are right continuous with left limits and the process is 
strong Markov with respect to the so-called standard filtration (see, e.g., |38] . 
0,or i). 

For open U C M'^ we denote tu = inf{t > 0; Xt ^ U} , the first exit time of 
U. We write uf) for the harmonic measure of (open) D: 

uj^^{A) = P%td < 00 , Xr^ e A) , X e A C 

By the strong Markov property 

(13) u^^{A) = J ujl{A)ujtj{dy) , if UCD. 

We say that a function u on M'^ is harmonic in open D C if 

(14) u{x) = E^Xru) = [ u{y) uo^uidy) , x G 

for every bounded open set U with the closure U contained in D. It is called 
regular harmonic in D if f|T^ holds ioi U = D. If D is unbounded then 
E^u{Xrjy) = E^[td < 00; u(Xt-q)] by a convention. Under f|T^ it will be 
only assumed that the expectation in f|T^ is well defined (but not necessarily 
finite). Regular harmonicity implies harmonicity, and is inherited by subsets 
U C D. This follows from 
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We denote by pf{x,v) the transition density of the process killed at the 
first exit from D: 

p^{x,v) = p{t,x,v) - E^'Itd <t; p{t- TD,Xr^,v)] , t > , x,v eW^ . 

Here p{t,x,v) = pt{v — x). We will assume in the sequel that D is regular. 
P^[inf{t > : Xt ^ D} = 0] = 1 hi X e D"" (see [IS [H]). It it well-known 
that is symmetric: = pP{v,x), x,v & MJ^ (see, e.g., [IS]). The 

strong Markov property yields 



(15) p{t,x,v) = E''[p{t-rD,X^^,v); Td <t], x E D , v E 
thus pf{x, v) = if X E D, V E D''. We let 



oo 



Gd{x,v) = J Pt {x,v)dt, 



and we call Gd{x, v) the Green function for D. If V is continuous on M.'^ \ {0}, 
so that V{x) < c\x\°'~'^, then the strong Markov property yields for x,v E D 

(16) Goix, v) = V{x, v) - E^'ViXr^.v) = V{x, v) - I V{z, v) cuUdz) . 

J 

Here V{x,v) = V{v — x). This holds, e.g., if z/ is a 7-measure on § and 
■J > d — 2a (see ^3], Theorem 1]). In particular 

(17) GDix,v) <c\v-x\'^-'^, x,veD. 

The Green function is symmetric: Gd{x, v) = Gd{v,x), continuous in D x D\ 
{{x,v) : X = v}, and it vanishes if x G -D'^ or G D'^. 

For each v E M.'^, V{x, v) is harmonic in x G M'^ \ {f }. Indeed, if x G -D and 
disi{D,v) > then by 



V{x, v) 



00 

J E^[p{t - TD,Xr^,v)-TD < t]dt = E^V{Xr^,v) 



Similarly, the Green function x ^ Gd{x,v) is harmonic in D\ {v}. 

We like to note that V{x, v) may be infinite at some points x v, see 
Introduction. Thus harmonic functions need to be defined by the mean value 
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property fll4p rather then in terms of the anisotropic fractional Laplacian A. 
However, if a function ip belongs to the domain of the infinitesimal generator 
A' of the process, which is an extension of A, and A'ip{x) = for every x G -D 
then if is harmonic in D in the sense of (JH]). It follows from the fact that 

^{Xt) - ^{x) - / A'ip{X,)ds 
Jo 

is a martingale with respect to (see, e.g., [H]). 
By Ikeda-Watanabe formula |23] we have 

(18) ^d(^) = / GDix,v)u{A-v)dv, if dist(A,D)>0. 

Jd 

If the boundary of D is smooth or even Lipschitz then 

uj^jj{dD)=0, xeD, 

see (IH], |33], [IS]). In this case is absolutely continuous with respect to 
the Lebesgue measure on D^. Its density function, or the Poisson kernel, is 
given by the formula (see [13]) 

(19) Pnix,z)= / GDix,z - v)iy{dv) , xeD. 

Jz-D 

Note that such D is regular, which follows from scaling and the fact that 

(20) pt{x)>0, xeR'^ {t>0), 

(see [42j or [361 Lemma 5]). In particular the above considerations apply to 
D = 5(0,1). 

It follows from ([5]) that for every r > and s G M"^ the distribution 
of {Xt , t > 0} is the same as the distribution of {r'^Xr^^t, t > 0}. In 
consequence, 

(21) uUA) = cu'^^UrA) , 

which we will call scaling, too. It yields that for u harmonic on D, the dilation, 
Ur, is harmonic on rD. A similar remark applies to translations. 

Let No = {0, 1,2,.. .}. For a muhiindex (3 = (/3i, . . . , /5rf) G Nq we denote 
= + . . . + p^. Let s > and s = [s] + {s} where [s] G Z and {s} G [0, 1). 
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For every s > 0, s ^ N and open set D C M'^ we denote by C^{D) the Holder 
space of order s (see, e.g., |13]), i.e., 

C^{D) = {f eC^'\D):\\ f\\cs^n)< 00} 

where C^{D) denotes the set of bounded and uniformly continuous functions 
on D and for n G N, C"(L') = {/ : D^/ G C°(D) for all \f3\ < n}, ||/||c"(D) = 
E|/3|<„, -^^/lloo, and 

11,11 11,11 ^ V- \Df^f{y)-D^f{x)\ 

ll/llc=(D) = ||/|lc;W(D)+ 2^ sup 1 • 

We write / G C'-{D) if / G C""'' for every S G (0, s]. By we denote 

the local Holder space, i.e. a function / belongs to Cf^^{D) if / G C^{U) for 
every bounded open set U with the closure U contained in D. 

We use c (with subscripts) to denote finite positive constants which depend 
only on the measure /i and the constant 7, the dimension d and the index a. 
Any additional dependence is explicitly indicated by writing, e.g., c = c{P,n). 
The value of c, when used without subscripts, may change from place to place. 

3 Transition density and potential kernel 

We first investigate the regularity of the density of the semigroup {Pt,t > 0} 
generated by the measure z/ = 1^(0, i)^- Let 5'(M'^) denote the usual Schwarz 
space of smooth rapidly decreasing functions (see, e.g., [37]). 

Lemma 1 J^{Pt) e 5(M'^). 

Proof. Let ip{u,y) = cos(m ■ y) — 1, and $(«) = / ip{u,y)u{dy), see (E]), where 
u = (Mi,...,Mrf), y = (yi, ...,?/rf). For every /3 = (/?i, /3rf) G N'^, \/3\ > 0, we 
have 

D^if{u,y) = y^cos^\^\\u-y) 

where = yf^ ■ ... ■y^'^ and cos*^"-'(6') denotes the n-th derivative of the function 
R3 9 ^ cos{9). Hence 

\D^Mu,y)\<\y\^^^^\\u\A^), |/?| = 1,3,5,..., 
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and 

\D^Mu,y)\<\y\\P\, 1/31 = 2,4,6,.... 
Therefore, we can change the order of differentiation and integration, obtaining 

DP^u) = j Div{u,y)u{dy). 

Hence 



\D^~^{u)\<c{P)g{u), «eM^ |/?| = 1,2,3,4,... 



where 



1 for 1/51 = 2,4,6,..., 

_ |m| A 1 for |/5| = 1, 3, 5, . . . and |/?| > a, 

^^"^ ~ ^ \u\^ for \I3\ = 1 and a > 1, 

H A (1 + I log|M||) for \l3\ = a = l. 

We use the multivariable version of Faa di Bruno's formula (see [I9]) for the 
function f{u) = J^{Pt){u) = exp(t$(-u)) to obtain for every G N 



^— -^/(n) = /(n)^nn-^ 



where V denotes the set of all partitions of the set {1, . . . ,k}. The formula 
is still valid if some of the variables ui, . . . ,Uk on the left hand side denote 
the same variable and then the corresponding terms in the sum are multiply 
counted. Since ^'(m) < 1 + we get 

\D^f{u)\ < c{P,t){l + \u\y^^\f{u)\ < c(/5,t)(l + |u|)l^le-^l< 



□ 

Lemma [1] yields that for every /5 G Nq and g > there exists a constant 
c = c(/5, q) such that 

(22) \D%{y)\<c{l + \y\)-\ yeR". 

The proof of the following lemma is based on the ideas of the proofs of 
Theorem 3] and [T51 Lemma 6]. In what follows we use the convention 
= Id. 
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Lemma 2 If u is a 'j -measure then for every /? G Nq there exists a constant 



c = c{(3) such that 

Proof. We have 
Also, 



\D%iy)\<cil + \y\)-^-\ ye 
Pi{y) = / Pi{y - z)Pi{dz). 



D''vM = j D^p^iy - z)P,{dz 



because Pi is finite and D^^pi is bounded and continuous. By p!3: Corollary 4] 
we have 



Pi(5(z/,A))<cA^(l + A")|l/|- 
Hence for g = 7 + Q; + lby fl2^ we obtain 



a— 7 



y 



G A > 0. 



\D^Pi{y)\ 



< 



< 



[ D%iy - z)Pi{dz)\ 
\D^Pi{y-z)\Pi{dz) 

c{m + \y-Ar'Pi{dz) 

= c{f3) f Pi{{z : {l + \z-y\)-''>s})ds 
Jo 

< ciP) [ Pi{B{y,s"'/'^))ds 

Jo 

< c{p) [ {s~'/''yii + {s-^/T)\y\'^~"ds 







Jo 


Jo 



= miyr-" 

= c(/3)|y|-^-^ 

Since D^^pi is bounded we also have \D^pi{y)\ < c(/3)(l + |?/|)^"~''' 

We note that explicit estimates for the first derivative of the transition 
density in the isotropic case of I'idy) = c\y\~'^~°'dy are also given in [TJ Lemma 
5]. In this case we have \Vyp{l,y)\ < c\y\{l + \y\)~'^~^~°'- 



□ 
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Lemma 3 For every /? G Mq there exists a constant c = c{j3) such that for 
every R> we have 

(23) iD^p.iy) - D('p,{x)\ < c(l + Ry^^-'Hy - x\ A 1), 

provided x,y E B{0, RY , \y — x\ < R/i. 
Proof. By the Lagrange's theorem we obtain 

Df^piiy) - D'^pi{x) = VD'^pi{x + e{y - x)) ■ {y - x), 
where 9 G [0, 1]. If |?/ — x| < 1 we get by Lemma [2] 

iDf^Piiy) - D^pi{x)\ < \VD^pi{x + 9{y-x))\-\y~x\ 

< c{l + \x + e{y-x)\y~^\y -x\ 

< c{l + {3/4)R)-'"^\y -x\ 

< c{l + Ry-^ly ~x\. 

For \y — x\ > 1 we have 

iD/^Piiy) - D/^piix)] < 2 sup {Df^Piiz)] < c(l + i?)"""^. 

2eB(o,R)'= 

□ 

Proof of Theorem [H We will first prove that for every (3 eNf, such that 
< = 7 — ((i — 2a), we have 



(24) 



POD 

D^V{x) = / D^pt{x)dt, \x\ > 0. 
Jo 



By scaling property ([8]) we have for every /5 G Nq 

D^pt{x) = k'^+\^\{D^pko.t){kx), X G t > 0, > 0. 
For k = t'^^"" we get by Lemma [2] 



\D^M^)\ = t^\{D%){t-'/"x 



< c(/3)t^^(l + r^/"|x|)-"-^ xGM^t>0, 
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and this yields fl24p and the continuity of D^V{x) for x 7^ 0. Hence we have 

POD 

(25) D^V{x) = / D^ptix)dt 
Jo 

POO 

= k''+\^\ / iD%.t)ikx)dt 
Jo 

POD 



where A; > 0. This yields ([T]). 

Let — a;| < 1/4 and |x| > 1, \y\ > 1. By scaling and Lemma [3] 



\D^My) - D^Mx)\ = t^\{D^p,){r'/'^y)~{D^p,){r'/-x)\ 



This yields 



ct^^^^^ (1 + r^/")-"-^(|2/ - x| A , t>0. 



\D^V{y)-D^V{x)\ < cl + At^/")c/t 



OD 



-d-l/JI-l , / , / 



+ c I ^^"^^(1 + - x\dt 



\y-x\' 
I + II. 



Let Ho and \P\ = [kq]. We have 

/ < c /''~''" t^^'^^cit = c\y- = c|y - a;|^^«>, 



1 /"°° 



II < c t \y — x\dt + c / t « |y — 

J\y-x\" Jl 

< c{\y - xl^''"^ + \y- x\) < c\y - x\^^''\ 



If \y — x\ > ^ then also we can write 

\D^Viy)- D^Vix)\ < 2-f^^y°^ sup \D^V{z) 

V 4 y zeB(o,ir 



ze-B(o,i)= 

14 



Therefore, by 0251) we have that for every r > and x, y G B{0, r)^, 

\D^V{y) - D^V{x)\ = r''-''-\^\\{D^V){y/r) - {D^V){x/r)\ 
(26) < cr"-'^-l'^l(|y-a;|/r){'^°>. 

Thus if Ko ^ N then V G C^°{B{0, r)") for every r > 0, or V e C^^liM'^ \ {0}). 
We now assume that G N and |/3| = kq — 1. Let |x| > 1, \y\ > 1, \y — x\ < 
1 /4. We have 



< C / t^dt 




c\y — x\ 



and 



II = I t^'^=^{l + t-^'''y-''\y-x\dt 

< c / r^\y-x\dt + c / t"'*"i'""'|y-x|cit 



This yields 



c|y-x|(log( ^ ) + 1). 
\y-x\ 



\D^V{y)-D^V{x)\<c\y-x\\og{2+ ^ 



\y - x\ 



If \y — x\ > ^ then we can write 

\D'^V{y) - Df^V{x)\ < 16|y-x|log(2+ , ^ , ) sup 

\y-x\ zeB{o,ir 

Thus, for every r > 0, x, ?/ G -8(0, rY by (123]) we get 

|D^r(y) - Z^^V(x)| = r°-'^-l^l|(D^r)(i//r) - (Z}'^V)(x/r)| 
(27) < cr°-'^-l^l(|i/-x|/r)log(2+ , ^ , ). 

\y - x\ 

In particular, V{x) G C"'o~^(-B(0, r)'^) for every p G (0, 1). □ 
We note that if the Levy measure u is absolutely continuous and has a 
locally bounded density, i.e., 'j = d, then kq = 2a and the potential kernel is 
differentiable for a > 1/2 and 2a-Holder continuous for a G (0, 1/2). 
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4 Green function 

In this section we consider the regularity of the Green function of the unit balL 
For every finite measure m we denote by Vm(x) its potential at x: 









\m\ 


\ r J 





Vm(x) = / V{x~z)m(dz). 

In what follows for every s G M we denote 

[s] for s ^ Z, 
s — 1 for s G Z. 

Lemma 4 Letm be a finite measure with support S and kq = 7 — (rf— 2a) > 
0. ///to ^ N then the potential Ym{x) belongs to the local Holder space Cf^J^S'^). 
If kq E then Ym{x) G Cj^^'lS'^). Moreover there is c such that for every 
r > and \f3\ = [kq]^ we have 

(28) \Df^Ym{y) - D^Vm(x)| < cr"-'^"!^!/ 

provided dist(x, S) > r, dist(y, S) > r , where 

r for Ko ^ N, 

^^P^ \ plog(2 + i) for Ko G N. 

For every \P\ < kq we have 

(29) \D^¥m{x)\ < cdist(x, S)"-'^-l^l|m| , x e S^. 

Lemma H] follows easily from Theorem [1], fl26l) and (l27j) and so we omit the 
proof. 

In what follows we denote B = 5(0, 1). 

Proposition 1 Let kq = 'j-{d-2a) > 0. IfKQ^N then for every v G B 
the function g{x) = Gb{x,v) belongs to the local Holder space C^^J^B \ {v}). 
If kq E N then g{x) G Ci°^{B \ {v}). Moreover there is c such that for every 
r G (0, 1) and \P\ = [hq]^ we have 

(30) \D^g{y) - D^g{x)\ < cr^-'-\P\ f , 
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provided x,y & B{0, 1 — r) fl B{v, rY, where 

r p{-o> for Ko ^ N, 

^^P> \ plog(2 + i) for Ko e N. 

For every \P\ < we have 

(31) \D'^g{x)\<c\v-x\''-'^^^^^, X ^v, \x\ <3/4:. 

Proof. Since supp(u;g) C B'^ the Proposition follows from f|T6l) . Theorem [1], 
(EHD, (127!) and Lemma H □ 

Lemma 5 For every < a < 7 there exists a constant c = c{a) such that 

\x\ 



(32) / 1^ - x|-V(rf2) < cp^-'^lx]-"-^, a; G M''\ {0}, < p < 

'b{x,p) 



Proof Let x G R'^ \ {0}, < p < \x\/2. Then 



[ \z - xl-^uidz) = I 

Jb{x,p) Jb{x, 



\z — x\ "'v{dz) 



;,2-"p)\_B(x,2-"-V) 



< X](2-"-V)-V(5(x,2-») 

n=0 

00 

< ^(2-"-V)"1a;|-°z/(5(x/|x|, 2-Vkl)) 



n=0 

00 



< ^(2-"-V)""c|x|-°-^(2^»^ 



n=0 

2a 



1 - 2°^-^ 



cp^-"|a;|-°-'^. 



We define 



□ 



s{x) = E^tb(o,i) = / G{x,v)dv . 
Jb(o.i) 



'5(0,1) 

The following result of M. Lewandowski is consequence of symmetry and 
nondegeneracy of the spectral measure p (for the proof see [121 Lemma 10]). 
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Lemma 6 There exists c such that 

s(x) < c(l - IxH^/^ |x| < 1. 
Lemma 7 // ki = 7 - (c? - a) > then 

(33) Gb{x,v) <c{l-\v\Y''^ , |x| < 1/2, > 3/4. 

Proof. We refer to the proof of Lemma 16 in [13j. The only modification 
need to make is Lemma [5] above with a = d — a to estimate UrQniv) in [1 

□ 

5 Poisson kernel 

Lemma 8 There exists a constant c such that for every r > we have 

(34) u{B{z,r))<cr^\z\"'{\z\-ry, \z\ > r. 
Proof. For \z\ > 2r we have 

u{B{z,r)) = |z|-°z/(5(^,^)) < cr^l^r"-^ 

whereas for r < \z\ < 2r 

iy{B{z, r)) < z/(5(0, \z\ - rf) = c{\z\ ~ r)"". 

Lemma 9 // ki = 7 - (rf - a) > then 

(35) Pb{x,z) <c\z\-^'{\z\'^ -ly^^ , < 1/2, |z| > 1. 
Proof By and ^ we have 

Pb{x,z)= / Gb{x,z - v)u{dv) < / c\v - {z - x)\"~'''u{dv). 

Jb{z,1) Jb{z-x,3/2) 
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For |z| > 3 the estimate fl35l) follows from Lemma with a = d — a, and 
Lemma [HI For 1 < |z| < 3 we have by fl33p . Lemma with a = d — a, and 
Lemma [H 



Pb{x,z) = / Gb{x, z — v)i'{dv) 

Jb{z,1) 

< [ c{l~\z-v\)"^^uidv)+ [ c\v - {z - x)\''-'^u{dv) 

J B(z,l)\B{z,3/4:) Jb{z,3/A) 

< I \v\"/^u{dv) + c 

Jb{o,\z\-iy 

< cd^l-l)-"/^ 

□ 

The main result of this section is the following lemma. 

Lemma 10 // Ki = 7 — (rf — a) > and Kx ^ \ then for every \z\ > 1 
the function kz{x) = Pb{x,z) belongs to the Holder space C'^^{B{0,l/2)) . If 
Ki = 1 then kz{x) G C^^{B{0, 1/2)). Moreover there is a constant c such that 
for every \(3\ = [ki]^ we have 

(36) iD^kM-Df'Ux)] < cfi\y~x\)\zr'i\z\-l)-'^, 

a;,!/ G 5(0,1/2), |2;| > 1, 

where 

r p^^^^ for ^ N, 
■'^P^ \ plog(p for m G N. 

If Ki > 1 then for every i E {1, . . . ,d} we have 

(37) \Dik,{x)\<c\z\-^{\z\-l)-'' , \x\ <l/2, \z\> 1. 

Proof. We assume first that ni = 7 — (c/— a) > 1. For every fixed x G -8(0, 1/2), 
z G {1, . . . , ci} and |z| > 1 we denote 

GB{x + hei,z-v)-GB{x,z-v) 
fh[v) = , heR,v e B, 

where {ci, . . . e^} is the standard orthonormal basis in M*^. We will prove that 
the family of functions {fh{v), \ h\ < 1/16} is uniformly integrable with respect 
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to the measure lB(z,i)^{dv). Thus we need to estimate the integral 

\Mv)\'+^uidv) = [ + [ + 

B{z,l) J B(z~x,2\h\) J B{z-x,l/?,)\B{z-x,2\h\) J B{z,l}\B{z-x,l/8) 

= A + B + C, 

where < e < — 1. By Lemma [5] with a = {d — a){l + e) and (fT7|) we 

have 

A < ^^[[ {GB{x + he.,,z~v)Y^'u{dv) 

J B{z-x~he^,3\h\) 

+ [ {GB{x,z-v)Y+'u{dv)] 

JB{z-x,3\h\) 

^ mr-rt/" c\z-x-hei-v\^''-'^^^^+'^iy{dv) 



\h\'~ 



B{z—x—hei,3\h\) 



+ / c\z-x-v\^''-'^^^'+'^u{dv)] 

J B{z~x,3\h\) 



he ' 
-0—7 



Let L = [— log2(8|/z|)]. By (l3Ti) with |/3| = 1 and Lagrange's theorem we obtain 
B < Y.I \h{v)\'^^v{dv) 

n=l J B{z-x,2'^+'^\h\)\B{z-x,2'^\h\) 
L 

n=l 
L 



\z — x\ \z — x\ 

n=l ' 
L 



n=l 

L 



n=l 



< c\z\ 



-a— 7 
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Also by (1^ we get 



C = / \Mv)\'+^u{dv) 

J B{z,l)\B{z-x,l/8) 

< / cu{dv) < ciy{B{z,l)). 

J B{z,l)\B{z-x,l/8) 



We obtained 



/ \Mv)\'+'u{dv) = A + B + C< c(|;2|-"-^ + u{B{z, 1))), 

Jb{z,1) 

which yields the uniform integrability of the family of functions This, 
together with Proposition [T] and ffTIJl) . yields 

(38) D,Mx) = [ D.^Gsix, z - v)v{dv) , \x\ < 1/2, \z\ > 1, 

Jb(z,1) 

and by (|3T|) , Lemma [5] with a = d — a + 1 and Lemma [8] we get also fl37|) 
(compare the proof of Lemma [9]). 

Let now ki > 0, ni ^ 1 and = = We note that ki < 2 so that 

\(3\ e {0,1}. Let 1^1 >1, x,y e 5(0,1/2) and \y - x\ < 1/16. We have 

|D^A;,(|/)-D^A;,(x)| < / iD^^Gsiy, z - v) - D^^Gsix, z - v)\u{dv) 

J B{z,l) 

B(z~x,2\y-x\) J B(z~x,l/?<)\B{z-x,1\y-x\) 

JB(2,1)\B(z-x,1/8) 
= I + 11 + 111. 

By ( l3Til and Lemma [5] with a = d — a + \ j3\ we have 
J < / \D^,GB{y^z-v)\u{dz) 

J B{z-y,'i\y-x\) 

\D'^^GB{x,z-v)\v{dv) 

B{z—x,'i\y—x\) 

< I c\z - y - v\"''^~^'^^u{dv) 

J B{z-y,3\y-x\) 
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c\z - X - v\''-'^-^f^^u{dv) 

' B(z—x,3\y—x\) 

< c\y - xl^'^'^z - ?/|-°-^ + c\y - xl^^'^z - xl""-^ 



< c\y — x\^ 



In order to estimate // and /// we assume first ^ N or — = a > 1. 
Let 5o = min(/to, + 1). Then we have [6o]~ = = because > > 
[ki]. We use fl30l) in case 60 = kq, and fl3Tl) and Lagrange's theorem in case 
"^0 = + 1, to obtain for every r G (0, 1/2) and w E B 

(39) |DfGB(?/,w;) -DfGB(x,w;)| < cr"-'^-^«|?/ - 

provided x,y & 5(0, 1/2) fl B{w,ry. Hence for L = [— log2(8|?/ — x\)] we get 

II < J2 f \D^,GB{y,z~v)-D^^GB{x,z-v)\iy{d 

n=l J B(z-x,2'^+'^\y-x\)\B{z-x,2"\y-x\) 
L 

< J2 c(2""'ll/ - xD'^-'^-^'^ly - x|'^"-l^ol"i/(5(;z - X, 2"+^||/ - x\)) 



n=l 
L 



< y c(2"-i)"-'^-^<% - xr-^-i^"]^^ - a:r"^/(5(^^, , , ' )) 

^-^ \z — x\ \z — x\ 



n=l 
L 



and 



< ^c{T'-^f-'^-^'>\y - x^"-^-^^'^' (T^\y - x|)^|2 - ^r""^ 

n=l 

00 

< c\y - xl^+T-^-I-^ol" |z - x]-"-^ ^(2"-'^-''o+'^)" 

n=l 

/// = /" \DlGB{y,z-v)-DlGB{x,z-v)\v{dv) 

J B(z,l)\B{z-x,l/8) 

< [ c(l/16)"-^-'^°|i/-x|'^°~[^"l"z/(rft;) 

J B(z,l)\B{z-x,l/8) 

< c\y - x\^''-^^"^~iy{B{z,l)) 

< c\y - xf''-^^''^'\z\-^{\z\-iy. 
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This, together with Lemma [H] and (157|) . yield (15^ for ^ N or — /ti > 1. 
If Kq G N and k,q — Ki < 1 then by (I5U]) we obtain 

// < V / |DfGB(l/,^-t;) -DfGB(x,2-t;)|z/(rft;) 

n=l J B{z-x,2"+^y-x\)\Biz-x,2"\y-x\) 
L 

< 5^C(2"-1||/ _ log(2"+l)l.(5(2 - X, 2"+^||/ - X\)) 



n=l 
L 



' b — X \z — 

11=1 ' ' ' 

L 

< J2 cn(2"-i)"-'^-l^l-^|?/ - x|"-'^-''^l(2"+i|?/ - x\y\z - 



)) 



n=l 



< c|?/-x|'^^-l^l|z-a;r"-^^n(2-")" 

< c\y - x\^'^^^\z\ 



n=\ 
|{«i}U|-a-7 



and 



/// = \ \DlGB{y,z-v)-DlGB{x,z-v)\v[dv) 

J B{z,l)\B{z-x,l/8) 

< [ c(l/16)"-^-''Mog(2 + — i )\y-x\i^(dv) 

J B{z,l)\B{z-x,l/%) -L0|2/ — a^l 

< clog(2 + — i -)\y - x\u{B{z,l)) 

\b\y — x\ 

< cly-xl^'^^^l^l-^d^l - 1)-", 



and we get (1361) also in this case. 

If Ki = 1 and /5 = then by Lemma [5] with a = d — a, ( 13T1) and Lagrange's 
theorem we get 



/ < / \GB{y,z-v)Hdz) 

I B{z-yfi\y-x\) 



+ / \Gb{,x, z - v)\i>{dv) 

B{z—x,^\y—x\) 



< c\y — x\\z\ 



-a— 7 
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c\y 


— X 


0+7- 






c\y 


— X 


\z — 


x\~ 


< 


c\y 


— X 


\z — 


x\~ 



n=l 



a-7^ 

'^-nog{\y-x\-'), 



and 



/// = / IGniv, z - v) - Gsix^z - v)\u{dv) 

J B(z.l)\B(z~x.l/8) 



' B(z,l)\B{z~x,l/8) 

< ciy-xii^r^d^i - 1)-", 

which yields (!36|) also in this case. By (l35l) . (!37|) and (136|) we get ^2 G 
^^{3(0, 1/2)) for ^ 1 and k, e Cp(S(0, 1/2)) for ki = 1 and p G (0, 1). 

□ 



6 Harmonic functions 

The Holder continuity of harmonic functions of stable processes under assump- 
tion that u is absolutely continuous was first proved in [2]. Here we do not 
generally assume that u is absolutely continuous (or 7 = rf). However, if so 
is the case, then we obtain ni = a and we get the a-Holder continuity for 
a < 1 and the existence of the first derivative of bounded harmonic functions 
for a > 1. 

The following lemma contains continuity estimates for bounded harmonic 
functions. These inequalities yield Holder continuity. 

Lemma 11 If ki = ^ — {d — a) > then there exists a constant c such that 
for every function u hounded on and harmonic in B we have 

\u{y) - u{x)\ < c||n||oo/(|?/ - x\) , x,y e 5(0, 1/2), 



where 



fip) 



p-- log(2/p) 
p\og\2/p) 

^- — — min(Ki,l) 

pa \ i> / 

^ [plog(2/p)]'^ 



for a < 1, 

for a = 1 and •y < d, 

for a = 1 and 7 = (i, 

for a > 1 and Ki 7^ 1, 

for a > 1 and ki = 1. 
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Proof. Let Sq = min(Ki, 1). If Ki > and Hi ^ 1 then by Lemma [TU| [H] and 
Lagrange's theorem for a > 1 we obtain 

\u{y)-u{x)\ < / \u{z)\\PB{y,z) ~ PB{x,z)\dz 

< \\u\\oc [ c\y - x\^''\z\-''-''dz 

J B{fd,2Y 

+ \\u\\oo I c\y-x\'\\z\-iy''dz 

+ ||n||oo / C{\z\-l)-'''''dz 
-'B(0,l+|s/-xp'5o/a)\_B(o,l) 

= c\\u\\^{\y-x\^'' + \y-x\^'''-^) 

< c\\u\\^\y - x\^°^ . 

For a < 1 by Lemma [TU] we have 

\u{y)-u{x)\ < / \u{z)\\PB{y,z) - PB{x,z)\dz 

Jb<: 

So 



< ll^lloo / c\y - xr\z\-mz\ - lydz 

J B'^ 

= c||m||oo|i/ - xl"^". 



Similarly for a = 1 we get 



s 2 
\u{y) - u{x)\ < c||M||oo|y - x\ " log( 



\y - x\ 



Let r = [log(2|?/ — x\ ^)\y — If ki = 1 then for a > 1 by Lemma fTOl we 

obtain 

\u{y)-u{x)\ < / \u{z)\\PB{y,z) - PB{x,z)\dz 
Jb'^ 

/ c\og{2\y — x\^^)\y — xWzl^'^'^^'dz 

J B(Q.2Y 



< U 



+ \H\oo / clog(2|y - x\-')\y - x\{\z\ - ly'^dz 

JB(0,2)\B(0,l+r)) 



\U\ 



ci\z\ - ly^^dz 

B(0,l+r)\B{0,l) 
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< ||m||oo 



< c||m||oo \og{2\y-x\ ^)\y - x\ + [\og{2\y - x\ ^)\y - x\] « 

< c||m||oo [log(2|?/-x|"^)|i/-x|]~ , 
and for a = 1, 7 = c? we have 

\u{y)-u{x)\ < [ \u{z)\\PBiy,z) - PB{x,z)\dz 

/ c\og{2\y - x\''^)\y - x\\z\''^~'^dz 

J 3(0,2)'= 

+ ||m||oo / c\og{2\y - x\~'^)\y - x\{\z\ - ly^dz 

J B{0,2)\B{0,l+r)) 

+ \\u\\oc / c{\z\ - ly^/'^dz 

J B{0,l+r)\B{0,l) 

< c||M||oolog(2|?/-x|~^)|y-x|log [{\og{2\y - x\''^)\y - x\y^] , 

< c||u||oolog^(2|?/ - a;|~^)|?/ - 

□ 

Note that translation invariance and the scahng property of the process 
yields that if the function y u{y) is harmonic in B{z,r) then the function 
y u{ry + z) is harmonic in B. Therefore we have 

(40) \u{y) - u{x)\ < c\\u\\oof{\y - x\/r) , x,y e B{z,r/2), 

for every z G M^, r > and bounded function u harmonic in B{z,r). 

Lemma 12 //ki = 7 — (d — a) > then there exists a constant c such that 
for every bounded open set D we have 

(41) Pd{x,z) < cdist{x, D^y-'^ dist{z, , x e D, z e D''. 
Proof. Let x E D and z G D'^. By (ITTI) . (fT9|) and Lemma [5] we have 

Pd{x,z) = / Gd{x, z — v)v{dv) 

J z-D 

< c I \z - V - x\''-'^u{dv) 

J z-D 

< c / \z - V - x\°'~'''i'{dv) 

J B{z-x,dist{x,D'')/2) 
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+c / (dist(x,Z}^)/2)"-'^z/(rft;) 



z-D 



< c[dist(s,D^)]^+"-^|z-a;r"-^ 
+c(dist(x, D'=))°-'^z/(5(0, dist(z, D))^ 

< cdist(x,D'=)"-^dist(z,D)-". 



□ 



Lemma 13 If = 7 — (d — a) > and a > 1 i/ien /or every i G { 1 , . . . , c?} 
i/ie function DiV{x) is harmonic in M'^ \ {0}. 

Proof Let R> r > 0, h e (-r/16, r/16) and a; G A = 5(0, i?) \ 5(0, r). Since 
the potential kernel V{x) is harmonic in R"^ \ {0} we have 



and 



Vix + he,) = E^'-'^'^ViXr^^^^J = E'^ViX,^, + he,), 



^{V{x + he,)-V{x)) = ^E^V{X^^ + he,)-V{Xr^)] 



[Viz + he,)-Viz)]uj^A{dz). 



h 

We will prove that the family of functions {fh{z),\h\ < r/16} is uniformly 
integrable with respect to the measure lj^. To this end we will estimate the 
integral 

\f,{z)\'+^u%{dz) = [ + [ + 

^= JB{0,2\h\) JB(0,r/S)\B{0,2\h\) J A'=\B(0,r/8) 

= I + 11 + III, 

where < e < — 1. By Lemma fT2] we have 

2l+e 



I < 



\h\^+^ 

1- 



{Viz + hei))^+'uj'^idz)+ / {Viz))'+'uj^^idz) 

J B{-hei,3\h\) J B{0,3\h\) 



< ^^ll c\z + he,\^''-'^^^^+'^PA{x,z)dz 

B{-he,,3\h\) 
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JB{0,3\h\) 

< cdist(x,A")°-'^(3r/4)-". 
By ([1]) and Lagranger's theorem for L = [log2(g|^)] we obtain 

n=l "'B(0,2"+i|/i|)\B(0,2"|/i|) 
L 

n=l 
L 

< J] c(2"->|)("-^-i)(i+") dist(x, A")"-'^(3r/4)-"(2"+>|)'^ 

n=l 

L 
n=l 

< cdist(x, 

J A''\B{0,r/8) 
J A'=\B{0,r/8) 

We obtained 

' \fhiz)\'+'u'^{dz) = I + II + III < c{r, R,x) 



A'' 

which clearly yields the uniform integrability of the family of functions {fh{v)}- 
We obtain 

h^O h 

r V{z + he,) - V{z) . 

= lim / — ^ —uj Adz) 

h^oj^, h ^ 
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Ja'= 

This yields regular harmonicity of DiV in A = B[0,R) \ B[0,r) for every 
R> r > and harmonicity in M"' \ {0}. □ 

Corollary 14 If Ki = ^ — {d — a) > and a > 1 then for every i G 
{1, . . . ,d} and x E B the function g{v) = D^.Gb{x, v) is harmonic in B\ {x} 
and continuous in M°' \ {x}. 

Proof. By symmetry of the Green function, ( fT6l) and Lemma H] we have 

(42) D,,^GBix, v) = -DiV{v - x) - E^'DiV^x - X,^) 

which is harmonic in i? \ {x} by Lemma [T51 The function v Djy{v — x) is 
continuous in \ {x} by Theorem [H The function 

h{v) = E'"Dy{x -Xr^), veB, 

is bounded and harmonic in B{vq,1 — \vq\) for every vq E B hence from (140|) 
we obtain the continuity of h{v) at Vq and the continuity of f — Dx^Gb{x,v) 
in B. Drc-Gsixjv) = for v (z B'^ and we have also lim Dx.Gb{x,v) = for 

every x G -8(0, 1) and every point w G § because the measures weakly 
converge to 6^ (see, e.g., [Ml Theorem 1.23]). □ 
We will employ the operator 

Ur(j){x) = —- , 

E-^TB(x,r) 

whenever the expression is well defined for given 0, r > and x. Clearly, if h 
is harmonic in D, x & D, and r < dist(a;, D'^), then Urh{x) = 0. We note that 

U(f){x) = limUr(p{x) 

rlO 

is the Dynkin characteristic operator, which was used in [13] in a similar way. 
We record the following observation (maximum principle). 

Lemma 15 If there is r > such thatUrh{x) > then h{x) < sup h{y). 
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The proof of the following Lemma is based on ideas of Lemma 16]. 

Lemma 16 = 7 — (rf — a) > 1 then there exists c such that 
(43) \D^fiB{x,v)\<c{l-\v\Y'\ |x| < 1/2, 3/4< < 1. 
Proof. By the strong Markov property we have 

S{V) = E^TB = E\TA + TBiO,l)Oe,J=E^TA + E''E''^ATBiO,l) 

= E''TA + E''s{Xr^), ^;eM^ Ac 5(0,1), 

which yields Urs{v) = —1 for v G -6(0, 1) and r < 1 — |f |. 

For n G N and x G 5(0,1/2) we let g{v) = D^^Gb{x,v), gi^n{v) = 
m.m{g{v),n) and g2,n{v) = max{g{v), —n). For v G B{x,l/8Y we have that 
\Dx^Gb{x,v)\ < ci\v — x\°'~'^~^ hence gi,n{v) = g2,n{v) = g{y) provided n > 
^^gd-Q+i follows from Corollary \\M that g{v) is harmonic on B\{x}. Hence 
by scaling property, (IT5I) . Lemma O and [H] we obtain that for G -B \ 5(0, 3/4) 
and r < min(l — |f |, 1/16) it holds 

Urgi^n{v) = Ur{9l,n - 9){v) 

G(0, to) I {gi^n — g){v + rw + z)h'{dz)dw 



EHb 



B 



> G(0,w) / \x-v-rw-zr-'^~^iy(dz)dw 
s{0) J J 

B B{x-v-rw,l/8) 

> -C3 , 

Similarly 

Urg2,n{v) = Ur{g2,n - g){v) 
< C4, 

If a > C3 and a > C4 then 

Urias - fi'i,n)(f ) = -a- Urgi^n{v) < -a + C3 < 0, 

and 

Ur{aS + g2,n){v) = -a + Urg2,n{v) < -a + C4 < 0. 
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By scaling 

(44) s{v) > EVb(.,i_|.|) = (1 - |t;|)°SVo,i) 

> 4-"E%, \v\<3/A. 

Since gi,n{v) < n and g2,n{v) > —n, we see that as{v) — gi,n{v) > and 
as{v) + g2,n{v) > for G 5(0, 3/4) provided a > n/ {A'^'E^tb). 

Let = max[c3, C4, n/(4~"£'°rB(o,i))] + 1 and hi{v) = aos(f) — (7i „(t>), 
/i2(^^) = aos{v) + g2,n{^)- We have hi{v) > and /i2(t^) > for e 5(0,3/4), 
h^{v) = h2{v) = o'for V E 5(0,1)' and Urhi{v) < 0, W^/i2(t^) < for G 
5(0, 1) \5(0, 3/4), r < min(l — |f |, 1/16). Lemma [T^ and continuity of hi and 
/i2 in \ {x} yields hi{v) > and h2{v) > in 5(0, 1). Since gi^n = g2,n = g 
on 5(0, 3/4)^^, the Lemma follows from Lemma [61 □ 

Using (H3l) we obtain the following estimate. We omit the proof since it is 
analogous to the proof of Lemma [9] 

Lemma 17 = 7 — (d — a) > 1 then there exists a constant c such that 
for every z G {1, . . . , rf} we have 

(45) \D^TBix,z)\<c\zr'{\z\^-l)-''/\ |x| < 1/2, 1^1 > 1. 

Now we can prove our main result. 
Proof of TheoremlE We assume first ki = 7 — (rf — a) > 1. By (145|) we obtain 



D,u{x)= u{z)D,TB{x,z)dz, xG 5(0, 1/2), 

JSC 

and by Lemma [10] and (l45l) we get 

\Diu{y) - Diu{x)\ < [ \uiz)\\D,^PB{y,z)-D,^PBix,z)\dz 
< \\u\\oo [ c\y - xl^^'^zl-^-'^dz 

J B(0.2Y 



'B{a,2Y 

+ \Moo I C|l/-X|^'^^>(|z| - lydz 

(46) +\H\oo [ c(|z| - l)-"/2rf^ 

JB(0,l+|s/-x|2{'=i}/")\_B(0,l) 

= c\\u\\oo{\y -x\^^^'^ + \y -x\^''^'^'^) 

< c\\u\\oo\y - x\^'''^^ , G 5(0,1/2). 
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This and Lemma [TT] yield for every Hi > some constant S G (0, 1) such that 
u E C''^^' ^^(5(0,1/2)). Let now Xq E B. The function u{x) is harmonic in 
i?(xo, 1 — \xq\) therefore the function h{x) = — |a;o|)x + xq) is harmonic in 
B and for = we get 

\D^uiy) - D^u{xo)\ = {l-xoP^^\{D^h)i^^)-{D^hm\ 

i — |Xo| 

< c(l-|a;o|)-l^l-^|y-xo|^ y E B{xo,^^^), 

which clearly yields u E cI^^^'^\b) and (Ej). □ 
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